Abstract. In this paper, we study the quantum sl(n) representation category using the web space. Specially, we extend sl(n) web space for n ≥ 4 as generalized Temperley-Lieb algebras. As an application of our study, we find that the HOMFLY polynomial Pn(q) specialized to a one variable polynomial can be computed by a linear expansion with respect to a presentation of the quantum representation category of sl(n). Moreover, we correct the false conjecture [30] given by Chbili, which addresses the relation between some link polynomials of a periodic link and its factor link such as Alexander polynomial (n = 0) and Jones polynomial (n = 2) and prove the corrected conjecture not only for HOMFLY polynomial but also for the colored HOMFLY polynomial specialized to a one variable polynomial.
Introduction
The discovery of the Jones polynomial [9, 10] brought a Renaissance of knot theory and its generalizations have been studied in many different ways [3, 7, 14, 20, 19, 26, 38, 41] . Using the representation theory of complex simple Lie algebras, Reshetikhin and Turaev found quantized simple Lie algebras invariants of links and 3-manifolds [32, 33] and these invariants have been studied extensively [4, 5, 13, 28, 16, 27, 45] .
In the present paper, we study the quantum sl(n) representation theory related to the HOMFLY polynomials of periodic links. Murasugi found a strong relation between the Alexander polynomials of a periodic link L and its factor link L [24] and a similar relation for the Jones polynomials [25] . There are various results to decide the periodicity of links [29, 35, 11, 42, 43, 44] . A conjecture for the relation between HOMFLY polynomials P n (q) specialized to a one variable polynomial of a periodic link L and its factor link L was found as follows [4] .
Conjecture 1.1 ([4]
). Let p be a positive integer and L be a p-periodic link in S 3 with its factor link L. Then,
where A n is the ideal of Z[q For Conjecture 1.1, Chbili provided a proof for n = 3 using the representation theory of the quantum sl(3) [4] . There were subsequent studies on the conjecture [6] . But, it was shown that Conjecture 1.1 is false for n ≥ 4 [30] . The counterexamples show that even if the link is colored by the vector representation, the congruence can be involved with other fundamental representations. Focused on the quantum representation category of sl(n, C), we may modify the original conjecture as follows. with its factor link L. Then,
where I n is the ideal of Z[q The study of a presentation of the quantum representation category of sl(n) leads us to a powerful computation method of the HOMFLY polynomial P n (q) specialized to a one variable polynomial, a linear expansion of webs, and its generalization to the colored sl(n) HOMFLY polynomial G n (L, µ) specialized to a one variable polynomial. Then we not only prove Conjecture 1.2 in Theorem 4.1 but also we show the following theorem that Conjecture 1.2 remains true for G n (L, µ). Theorem 1.3. Let p be a positive integer and L be a p-periodic link in S 3 with its factor link L. Let µ be a p-periodic coloring of L and µ be the induced coloring of L. Then for n ≥ 0,
where I n is the ideal of Z[q Recently, there are significant progresses on the representation theory of the quantum sl(n) [23, 34, 40] . In particular, a complete set of relations for the representation theory of the quantum sl(n) which contain our relations in Figure 4 , Lemma 3.2 and new relation called 'Kekulé relation', which was first found by the second author for sl(4) [17] , is conjectured in [23] . Furthermore, it was also proven that Remark 3.3 is false [23] .
The outline of this paper is as follows. In Section 2, we review the HOMFLY polynomials and the colored HOMFLY polynomials specialized to a one variable polynomial. In Section 3, we develop the representation theory of the quantum sl(n). We show that the quantum sl(n) skein module of the plane or sphere has dimension 1 using the relations we have found. In Section 4 we prove Conjecture 1.2 and show the conjecture holds for the colored sl(n) HOMFLY polynomial specialized to a one variable polynomial. In Section 5, we compare our result with previous works.
The HOMFLY polynomials and the colored HOMFLY polynomials specialized to a one variable polynomial
A link L is a disjoint union of circles embedded in three dimensional sphere S 3 , and a knot K is a link with only one component. Here, we assume all links are PL. A link L in S 3 is p-periodic if there exists a periodic homeomorphism
is the set of fixed points of h. It is well known that if we consider S 3 as R 3 ∪ {∞}, we can assume that h is a rotation by 2π/p angle around the z-axis. Let G = Z/pZ denote the group of homeomorphisms of S 3 generated by h, and let π denote the covering map
For other terms and definitions of knot theory, we refer to [1] . Now we define the HOMFLY polynomial specialized to a one variable polynomial. For the rest of paper, all HOMFLY polynomial and colored HOMFLY polynomial are specialized to a one variable polynomial unless we state differently. For a nonnegative integer n, the HOMFLY polynomial P n (q) specialized to a one variable polynomial can be calculated uniquely by the following skein relations:
where ∅ is the empty diagram, is the trivial knot and L + , L − and L 0 are skein triple, three diagrams which are identical except at one crossing as in Figure 1 .
The HOMFLY polynomial of links can be recovered from the representation theory of the quantum sl(n). For n = 0, we use the special linear Lie superalgebra gl(1|1) to find that P 0 (q) is the Alexander polynomial [15] . For n = 1 and for any link, P 1 (q) = 1. For n = 2, P 2 (q) is the Jones polynomial [10, 32, 33, 41] . The polynomial P n (q) can be computed by linearly expanding each crossing into a sum of diagrams of planar trivalent graphs where the edges of these planar graphs are oriented and colored by 1 or 2 as in Figure 2 [27] . To define the colored HOMFLY polynomial, we review the quantum representation category of sl(n, C) [20, 16] . The color 1 of an edge in the definition of HOMFLY polynomial presents the vector representation V of the quantum sl(n), and the color 2 for its exterior power ∧ 2 V . The trivalent vertex is the unique (up to scaling) intertwiner of V ⊗2 ⊗ ∧ 2 V . This setup works for arbitrary exterior powers of V [27] . Oriented edges of graphs in their calculus carry colors from 1 to n − 1 that denote the fundamental representations of the quantum sl(n). Kuperberg generalized Temperley-Lieb algebras to sl(3) web spaces [20] . In Section 3 we develop the quantum sl(n) representation theory by extending the idea of webs in [27] . Recently, Westbury found a web space for spin representations of so(7) [40] . A precise and algebraic overview of the quantum sl(n) representation theory can be found in [23] . By expanding all crossings as in Figure 17 , Murakami, Ohtsuki and Yamada found a regular isotopy invariant [D] n [27] . In Section 4, we modify writhes suitably to define an isotopy invariant K n (L, µ), the sl(n) HOMFLY polynomial, where µ is a coloring of L by a fundamental representation of the quantum sl(n). Using the quantum sl(n) representation theory, we show K n (L, µ) can be computed by a linear expansion with respect to the relations of web spaces in Theorem 3.4.
For n = 2, we can decorate L by any other irreducible representations V n using the highest-weight projection Figure 3 . Generators of the quantum sl(n) web space.
whose image is V n where V 1 is the vector representation of sl (2) . This projection is called a Jones-Wenzl projector [39] . It does exist for n ≥ 3 and called a clasp [20] . Using these clasps, Lickorish first found a quantum sl(2) invariants of 3-manifolds [22] . Ohtsuki and Yamada generalized it for the quantum sl(3) [28] and Yokota did for the quantum sl(n) [45] . A benefit of using the quantum sl(n) representation theory for link invariants is that some nontrivial facts from the original work of [10, 32, 33] do follow easily such as the integrality [21] . By decorating each component by µ, we can define the colored sl(n) HOM-
. ., λ n−1 are the fundamental weights of sl(n). The coloring is denoted by µ = (a(1 
If we assume the clasps are far away from crossings, we expand each crossing as in Figure 17 , then clasps [45] . The value we obtained after removing all faces by using the relations is the colored sl(n) HOMFLY polynomial G n (L, µ) of L.
The quantum sl(n) representation theory
We refer to [8, 20, 12, 16] for the general representation theory. The webs are generated by the two types of shapes in Figure 3 where i + j + k = n. At the second web in Figure 3 , we can change the directions of the edges to inward by using the duality, (V λi ) * ∼ = V λn−i , then the colors of the resulting edges are n − i, n − j and n − k. Then we say a vertex has a sign type + if the sum of the colors is n, − if the sum is 2n. The generators in Figure 3 have sign type +, − from left. Naturally we can assign a sign type for each face. Using last two relations in Figure 4 , we only need to look at the face of a valid sign type in which +, − are appearing alternatively. One can easily see that none of faces with odd numbers of edges can have a valid sign type.
A few computations of tensor products of fundamental representations show the relations in Figure 4 (up to scaling): the quantum dimension of the fundamental representation V λi is [ 
Rectangular relations
To discuss rectangular relations, we first prove the following lemma.
Proof. If i ≤ j ≤ n − j − 1, we obtain the following isomorphism by the Clebsch-Gordan formula.
For irreducible representations V, W of a simple Lie algebra, by a simple application of Schur's lemma we find
Similarly one can prove the other.
From Lemma 3.1, we know the number of basis webs that we need for each expansion. For n − i − 1 ≥ j ≥ i ≥ 0, we can have two sets of basis webs and each has the same sign type as in Figure 5 . Throughout the section we will use the basis in the left hand side of Figure 5 . There are only two possible types of rectangular relations as in Lemma 3.2, all other can be taken care of by relations in Figure 4 . The equation (1) in Lemma 3.2 was first appeared in [27] without a proof.
Figure 5. Two basis webs with the boundary
Just for these two equations, we use a different convention of quantum integers that
be the coefficients in the righthand side of the equations (1) and (2). We induct on (min{i, j}, k) in lexicographic order. The key idea is to prove both equations simultaneously. If k = 0 and j ≥ i, we find the equation in Figure 6 . For the case k = 0 and i ≥ j, it is identical except the weight on horizontal arrow is replaced by the weight i − j of the opposite direction. For i = 0, we find the equations in Figure 7 . One can do for the case j = 0 similarly. Now we are set to proceed to the induction step. Let us look at the first case
On the top of each web in the equation (1), we can attach i different H's, given in Figure 8 where
From the case s = 1, first we apply the bottom two relations in Figure 4 at the upper rectangle of the web in the left hand side of the first equality in Figure 9 then the second relation in Figure 4 to obtain the first equality. Figure 6 . Initial induction step k = 0 and j ≥ i. The second equality in Figure 9 follows from the induction hypothesis of the equation (1).
Next we look at each term in right hand side of the equation (1) as in the first web on in Figure 10 . Now we can use the equation (2) Figure 10 , one can see that a similar step of relations, which was used in Figure 9 can be applied for the lower rectangle to get the next equality.
At last, by comparing coefficients of each basis element, we get the following i equations
where i − 1 ≥ t ≥ 0. Since these i + 1 equations are independent, we plug in the answer to equations to check a(i, m) = l k−m is correct. One can follow the proof for the second case,
The quantum sl(n) skein modules
Skein modules were introduced independently by V. Turaev [36] and J. Przytycki [31] as a C[A ±1 ]-module associated to a 3-manifold M generated Figure 9 . The reduction on the left side of equation (1). Figure 10 . The reduction on the right side of equation (1).
by framed links inside M with local relations known as Kauffman relations.
In the case of M = S 3 this construction reduces to the Jones polynomial and in the general case, the evaluation of the skein module at the root of unity is known to fir with the Topological Quantum Field Theory constructed in [2] . It can be generalized for arbitrary Lie algebra, remind that the Jones polynomial came from the representation category of the quantum sl(2). By replacing M by F × [0, 1], framed links by framed links with a color and Kauffman relation by relations given Figure 1 and Lemma 3.2 one can obtain a C[A ±1 ]-module.
We call it the quantum sl(n) skein modules. In this section, we concentrate on the quantum sl(n) skein modules and prove Theorem 3.4. The authors have been trying to find a complete relation of the quantum sl(n) representation theory, but we find that the size of a polygon we have to find a suitable relation is increasing as n increases: there a rectangular relation for the quantum sl(3), a hexagonal relation for the quantum sl(4) and an octagonal relation for the quantum sl (6) . In particular, a complete set of relations for the quantum sl(4) representation theory is conjectured [17] .
Remark 3.3. For a given n and sufficiently large m, i.e., n ≪ m, we conjecture that any 2n polygon of the sign type (+, −, +, . . . , −) can be expanded to a sum of webs of polygons of smaller sizes and 2n polygons of the sign type (−, +, −, . . ., +) by relations of the quantum sl(m) representation theory.
As mentioned before, a complete set of relations for the representation theory of the quantum sl(n) which contain our relations in Figure 4 , Lemma 3.2 and new relation called 'Kekulé relation', which was first found by the second author for sl(4) [17] , is conjectured in [23] . Furthermore, it was also shown that Remark 3.3 is false [23] . Without using extra relations found in [23] , we can prove the following theorem. Proof. If we look at these webs without decorations, they are directed, weighted, trivalent and planar graphs. We will consider these graphs on S 2 instead of R 2 and assume that all webs are without boundary for the rest of proof, i.e., no vertex of valence 1. We will claim that the dimension of the web space without boundary is 1. Suppose it is not true, then there exists a web for which we can not take a value in C[q ] by repeatedly applying relations for the representation theory of the quantum sl(n), say D. We assume that D has the smallest number of faces among all counterexamples. Since a face of size less than 4 can be removed by using relations found in Figure 4 , we assume that all faces in D have at least 4 edges. Since it can be shown easily that there are finitely many trivalent graphs with a fixed number of faces whose sizes are bigger than 3, we further assume that D has the maximum number of rectangular faces among counterexamples of the minimal number of faces. Let V, E and F be the number of vertices, edges and faces in D on S 2 , respectively. Let F i be the number of faces with i edges. We can easily find the following equations:
The outline of the proof is as follow. First, we prove the existence of rectangular face in D in Lemma 3.7. Then we divide cases depending on the neighborhood of the rectangular faces. Lemma 3.6 will show that if a rectangular face is adjacent to a pentagon, then the adjacent pentagon is unique, we call it an isolated rectangular face. If a rectangular face is not isolated, we call it a non-isolated rectangular face. For non-isolated rectangular faces, we further divide them as follow; if the sizes of all adjacent faces are bigger than 6, then we call it a non-moveable rectangular face. If a rectangular face is non-isolated and it is adjacent to a hexagon, then we call it a moveable rectangular face. Then we observe the neighborhood of rectangular faces, (i) isolated rectangular faces in Lemma 3.8, (ii) moveable rectangular faces in Lemma 3.9. By looking at all polygons whose sizes are bigger than 6, we find a contradictory inequality to prove the theorem. Proof. Suppose not, then there exist two adjacent rectangles of a valid sign type in D. We apply an equation in Lemma 3.2 to change one of adjacent rectangles to a linear combination of webs with the rectangular faces with the opposite sign type. Then, two opposite edges of the other rectangle of adjacent rectangles have the same signs at each ends. By applying the last two relations in Figure 4 , a web with two adjacent rectangles are now changed to a linear combination of webs with a hexagon and a bigon as depicted in Figure 11 , consequently, just a hexagon. These processes result that the original web D is a linear combination of webs of less numbers of faces, however, since D is a counterexample, at least one of webs in this linear combination has to be a counterexample. But this can not be happened because of the minimality of the number of faces in D.
Let I be the number of non-isolated rectangular faces in D. The following lemma shows that each pentagon is adjacent to a unique isolated rectangular face, i.e., F 4 − I = F 5 . Lemma 3.6. Let D be a counterexample with the hypothesis, the minimality of the number of faces and the maximality of the number of rectangular faces among counterexamples. If there exists a pentagonal face in D, the pentagonal face is adjacent to a unique rectangular face.
Proof. Suppose the pentagon is not adjacent to a rectangle, i.e., the sizes of all adjacent faces of the pentagon are bigger than 4. But by applying one of the last two relations as shown in Figure 4 to the pentagonal face, it can be changed to a rectangle without changing the total number of faces but increasing the number of the rectangles by 1 in D. This contradicts the maximality Figure 11 . Two adjacent rectangles with a valid sign type and its linear expansion of webs with less number of faces.
of the number of the rectangular faces in D. Therefore, it must be adjacent to a rectangle. To show the uniqueness of the adjacent rectangle we consider the pentagon relations. There are five possible shapes by rotating the web in Figure 12 by . By applying the equations in Lemma 3.2, one can see that any two out of these five shapes are related as the equation as illustrated in Figure 13 , which is called a pentagon relation. If two rectangles are adjacent to a pentagon, we use a pentagon relation to make a linear combinations of webs with two adjacent rectangles and webs of one less number of faces. Since D is a counterexample, one of these webs in the linear combination has to be a counterexample. However, a web with two adjacent rectangles can not be a counterexample as described before. A web with one less number of faces than that of D can not be a counterexample neither because of the minimality of the number of faces in D. Therefore, the adjacent rectangle of the pentagon has to be unique.
The rectangular faces play the key role in the proof as mentioned before. We will show the existence of a rectangular face in the following lemma.
Lemma 3.7. Let D be a counterexample with the hypothesis, the minimality of the number of faces and the maximality of the number of rectangular faces among counterexamples. Then, there exists a rectangular face in D.
Proof. By Lemma 3.6, if there does not exist a rectangular face in D, then the size of all faces are bigger than 5, i.e., 2E ≥ 6F . By combining with equations (3) and (4), we easily find a contradiction as follows,
To proceed the proof of Theorem 3.4, we introduce a way modifying the web which has a moveable rectangular face, recall that a moveable rectangular face is a rectangular face adjacent to a hexagon. If a rectangular face is moveable, the relations in Lemma 3.2 allow us to change the web D to a linear combination of webs with a rectangular face of an opposite sign type and webs of less number of faces. For the webs with a rectangular face of an opposite sign type, one can see that two edges in the hexagonal face have the same sign at the ends. By applying relations shown in Figure 4 and the hexagon are now interchanged as illustrated in Figure 14 which is called a swapping move. Because of the hypothesis of D, one of these new webs with adjacent rectangle and hexagon has to be a counterexample, say D ′ . Slightly abusing notation, we will say that the original counterexample D can be changed to D ′ by a swapping move. In the following lemma, we look at the neighborhood of each isolated rectangular face. Since every isolated rectangular face is adjacent to a pentagon, we will treat these two adjacent polygons as a new pentagon as depicted in the right side of Figure 12 .
Lemma 3.8. Let D be a counterexample with the hypothesis, the minimality of the number of faces and the maximality of the number of rectangular faces among counterexamples. Suppose D has an isolated rectangular face. Then, the size of all adjacent polygons of a new pentagon drawn for an isolated rectangular face and its adjacent pentagon as in the right side of Figure 12 must be bigger than 7.
Proof. First we already know that these polygons adjacent to the pentagon can not be a rectangle nor a pentagon. Suppose one of them is either a hexagon or a Figure 15 . Two possible neighborhoods of the moveable rectangular face.
heptagon. Either case, we can rotate the pentagon using the pentagon relations as shown in Figure 13 such that the rectangular face is adjacent to the hexagon or the heptagon (since the rectangle must have a valid sign type, otherwise, it can be removed resulting a contradiction of the minimality of the number of faces in D). But, we can change the heptagon to a hexagon using the relations as illustrated in Figure 4 . Then by a swapping move as depicted in Figure 14 , the rectangle in D can be separated from the pentagon. Then every web in the linear combinations has either one less number of faces or a pentagon which is not adjacent to a rectangle, thus this pentagon can be changed to a rectangle using the relations shown in Figure 4 , consequently, it increases the number of rectangular faces. Since D is a counterexample, at least one webs in the linear combinations has to be a counterexample but neither cases is possible because of the hypothesis of D.
Now we proceed to the next lemma, we look at the neighborhood of a moveable rectangular face. One can easily see that all adjacent hexagonal faces must have a valid sign type (otherwise, they become two adjacent rectangular faces using the relations shown in Figure 4 , which is impossible).
Lemma 3.9. Let D be a counterexample with the hypothesis, the minimality of the number of faces and the maximality of the number of rectangular faces. The only possible neighborhood of a moveable rectangular face must be either one of webs in Figure 15 or a circular web obtained from the right one in Figure 15 by attaching the rightmost and leftmost hexagons.
Proof. We will divide cases by the number of adjacent hexagonal faces of the moveable rectangular face. If there is only one hexagon in the neighborhood of the rectangle, we do swap the rectangle with the hexagon. After a swapping move, we repeat the process from the new rectangle. If there is still only one hexagon, then we find the desired result as shown in the left side of Figure 15 . If there are more than one hexagon, it will be dealt with in the next cases.
If there are two adjacent hexagonal faces, there are also two possibilities. If these two hexagons of valid sign types are adjacent to each other, we use the relations in Lemma 3.2 to change the rectangular face to a linear combination of webs of less number of faces or webs with hexagons which can be changed into two rectangles as illustrated in Figure 16 . Since D is a counterexample, one of webs in the linear combination has to be a counterexample but neither cases can be a counterexample because of the hypothesis of D. If these two hexagons are not adjacent each other, then after a swapping move toward to both directions, we can repeat the process at the new rectangles. Since there are only finitely many faces, this process either stops in finite steps which gives a web in the right side of Figure 15 or repeats infinitely which gives a circular web obtained from the right one in Figure 15 by attaching the rightmost and leftmost hexagons. For three or four adjacent hexagons, we must have at least two adjacent hexagons which is not possible as described previously. Furthermore, the traces of swapping moves of different moveable rectangular faces are disjoint. Otherwise, we can repeat swapping moves to make these two moveable rectangular faces adjacent. But as we mentioned before, it is not possible to have adjacent rectangles. Now, we are set to find a contradictory inequality. Instead of rectangular faces, we are going to look at all polygons whose sizes are bigger than 6. From Lemma 3.8, three edges from isolated rectangular face and four edges from its adjacent pentagon, total 4F 5 + 3(F 4 − I) edges, can be common edges of faces which have more than seven edges. From Lemma 3.9, for edges in polygons whose size is bigger than 6 which is not a common edge with isolated rectangles and their adjacent pentagon, there exists at most one edge of a moveable rectangular face can travel to become the common edge of the given edge by a sequence of swapping moves. Furthermore, since all webs are trivalent and no two rectangles are adjacent, for each face of size n ≥ 9, there are at most ⌊ 2n 3 ⌋ rectangular faces or pentagonal faces which are originally adjacent to the given face or adjacent to the given face by a finite sequence of swapping moves. For a heptagon, it is not adjacent to an isolated rectangle by Lemma 3.8 and we can see that three rectangles can not be adjacent to the heptagon because one can easily see that two of these three rectangles can be adjacent by a swapping move, and having two adjacent rectangles is impossible as mentioned before.
For an octagon, it is not adjacent to an isolated rectangle by Lemma 3.8 and it can be adjacent to up to 4 rectangular faces. These can be summarized as the following inequality, 3 ⌋⌉ for all n ≥ 9, we get the following inequalities,
By adding the last inequality (9) to the equality (10), we obtain the desired inequality between the number of faces and edges as follows,
6F ≤ 4F 4 + 5F 5 + 6F 6 + 7F 7 + 8F 8 + · · · + nF n + · · · = 2E. (11) If we substitute the inequality (11), F ≤ 1 3 E, and the equation (3) into the equation (4), then we find a contradiction as
Therefore, this completes the proof.
Proofs of main results
If links are decorated by the fundamental representations V λi of the quantum sl(n), denoted by i, Murakami, Ohtsuki and Yamada [27] found a quantum invariant for framed links by resolving each crossing in a link diagram D of L as shown in Figures 12 and 13 .
For negative crossings, we replace q with q −1 . P n (q) is the special case of q
n , when all components are colored by the fundamental representation V λ1 . They showed that P n (q) is an isotopy invariant and that [D] n is a regular isotopy invariant for other colorings [27] . However, one can make it a link invariant by using a suitable writhe but we have to be careful since there are more than one colors. For a coloring µ of a diagram D of a link L, we first consider a colored writhe ω i (D) as the sum of writhes of components colored by i. Then we set
where the product runs over all colors i. By Theorem 3.4, we know K n (L, µ) is well defined. It was shown that [D] n is a regular isotopy invariant [27] , so is K n (L, µ). One can find the equations in Figure 18 by the second relation in Figure 4 and a routine induction. Then Figure 17 . Skein expansions of a crossing. Figure 18 . Resolving Reidemeister move I.
periodic coloring of L if the periodic homeomorphism h of order p used for the periodicity of L also preserves the coloring i.e., h(L, µ) = (L, µ). For such a coloring µ on a periodic link L, we also denote the factor link L = π(L) and natural coloring on L by µ. Now we discuss the relation between K n (L, µ) and K n (L, µ) for a p-periodic link L in the following theorems. with its factor link L. Let µ be a p-periodic coloring of L and µ be the induced coloring of L. Then for n ≥ 0,
where I n is the ideal of Z[q
] generated by p and [
Proof. Let µ be a p-periodic coloring of L. Let R be the fundamental region by the action h. Let C be the set of all crossings of L and let C be the set of all crossings in the region R. Let i(c) and j(c) be the weights of two components at the crossing c as in Figure 
If any expansion of crossings occurs in R, it must be used identically for all other p − 1 copies of R. Otherwise there will be p identical shapes by the rotation of order p, then the term in the expansion is congruent to zero modulo p. This implies the first congruence in equation (14) . By the same philosophy, if any expansion of relations occurs in R, it must be used identically for all other p − 1 copies of R. Otherwise it is congruent to zero modulo p and this implies the second congruence. Let us remark that we have not used relations that might occur in the faces which are not entirely contained in R. 
But in general, this congruence is not true if W is a base web diagram [18] .
Next, we find that Theorem 4.1 remains true for the colored sl(n) HOMFLY polynomial of a periodic link whose components are colored by irreducible representations of quantum sl(n). Proof. Since all clasps are idempotents, we put p-copies of clasps to each copy of the fundamental region by the action h of the periodicity of L. Thus without expanding the clasps, we obtain the theorem by the same idea of the proof of the Theorem 4.1.
We also give a criterion for periodic links by using the invariant K n (L, µ) and mirror image of knots in the following theorem. 
In particular, by applying this relation repeatedly for a colored periodic link we obtain the following lemma. 
Discussion
To compare our result with previous results, one has to compare the size of ideal used in Theorem 4.1 with ideals in [4, 6, 30, 25] . As we have mentioned, we have corrected the false conjecture given by Chbili [4] and Przytycki and Sikora [30] . To compare with the ideal in [25] , we observe that the ideal I n of Z[q ⌋ is a subset of the ideal generated by p and [2] p − [2] by the strong integrality of the quantum link invariant [21] . Furthermore, if n is odd, the ideal I n is a subset of the ideal generated by p and [3] p − [3] . To compare the ideal generated by p and To compare with the ideal in [6] , we use only fundamental representations of the quantum Lie algebras sl(n) which are finite but Chen and Le used all representations of the quantum sl(n) which are obviously infinite. Thus, our criterion is sharper than other previous results. However, we were not able to find a new periodicity of knots using our criteria.
